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In [Nold, Oberlack, Phys. Fluids, 25, 104101, 2013 ] it was shown that three different instability modes of the linear stability analysis perturbing a linear shear flow can be derived in the common framework of Lie symmetry methods. These modes include the normal-mode, the Kelvin mode and a new mode not reported before. As this was limited to linear shear, we now present a full symmetry classification for the A classical approach to analyse the onset of turbulence is to assume a laminar base flow, and to linearly superpose a small perturbation. Stability analysis of this perturbation then leads to a range of stable/unstable modes and corresponding Reynolds numbers. The most famous approach for the perturbations is the normal mode approach, leading to the famous Orr-Sommerfeld equation 1 . However, for many flows, the results obtained employing the normal mode approach do not coincide with experimental obeservations 2, 3 . Alternatively, for linear base flows, Kelvin modes can be employed as a perturbation 4 . In this case,
analytical results 5, 6 show that the flows are always stable, clearly contradicting experimental observations.
In the 1990s, a novel approach revealed an explanation for this apparent paradox. It was shown that the eigenfunctions for the perturbations of non-uniform flows can be nonorthogonal, meaning that the eigenfunctions interact: they are spectrally stable, but perturbations are able to gain the basic (shear) flow energy transiently and, consequently, exhibit strong growth during a limited time interval [7] [8] [9] [10] . In the case of large enough initial perturbations, the strong short-term non-normal growth allows for non-linear effects to take place, which regenerate the transiently growing perturbations. This positive feedback-loop allows for the onset of turbulence and is usually denoted as bypass-transition [11] [12] [13] .
The limitations of the modal approach in linear stability analysis 14 lead us to revisit the linear stability analysis by further generalizing the normal mode and the Kelvin mode approach. Recently, it was shown that for a linear shear flow, a systematic application of symmetry analysis allows to obtain a new invariant solution for the perturbations, which differs significantly from the latter two classical approaches 15 . Here, we perform a complete point symmetry classification, and present a whole set of base shear flows which allow for In the current paper, we present several base shear flows for which the linearized NavierStokes equations admit additional symmetries: four base flows for the inviscid setting, and the linear shear flow plus one additional base flow for the viscous setting. For each base flow, we present the corresponding point symmetries, introduce the respective invariant solution forms, and obtain the corresponding reduced equations by substituting the invariant solution form into the linearized Navier-Stokes equations. We briefly discuss physical properties of such invariant solutions.
In Sec. II, we give a brief introduction to the symmetry analysis procedure for the linearized Navier-Stokes equations for the perturbations, in the streamfunction formulation.
We present the results of the symmetry classification in Sec. III, before presenting the invariant solutions for each base flow: In Sec. IV, we consider inviscid base flows, whilst we consider viscous base flows in Sec. V. In both of the latter sections we present the respective novel eigenvalue equations. We then summarize the main results and review possible research directions in Sec. VI.
II. SYMMETRY ANALYSIS
Consider an unbounded parallel two-dimensional shear flow (U (y), 0) T with a perturbation of the form (u(x, y, t), v(x, y, t)) T . Assuming that the Navier-Stokes equations hold for the base flow, one obtains the following set of equations for the perturbations:
where ν is the kinematic viscosity and ∆ is the Laplace operator. Since only incompressible flows are considered, the density will formally be included in the pressure perturbation p.
Introducing a stream function ψ for the velocity perturbations
eliminates the continuity equation. Applying the curl on the two resulting equations (1) and (2) eliminates the pressure and we obtain a nonlinear equation for the streamfunction of the perturbations, which in its linearized form gives
All results obtained in this section also apply if the linearized form of equations (1)- (3) is used. For the simplicity of presentation, we only give results for the streamfunction formulation (5).
The main step in the following analysis is to seek Lie point symmetries of the PDE (5).
Symmetries are given by point transformations T = x,ỹ,t,ψ of the form x =x (x, y, t, ψ; ε) ,ỹ =ỹ (x, y, t, ψ; ε) ,
t =t (x, y, t, ψ; ε) ,ψ =ψ (x, y, t, ψ; ε) ,
for which the transformed quantities satisfy the transformed equation (5):
In other words, we search for transformations (6)- (7) which leave the PDE (5) invariant. In (6)- (7), ε ∈ R is the group parameter, and the transformations are assumed to be smooth functions of ε.
Analytically, it is particularly useful to relate the global transformation group T with the tangent vector field (ξ x , ξ y , ξ t , η) at ε = 0, defined as
The tangent vector field components (9) determine T uniquely 23 through the relation
where x = (x, y, t, ψ) and X is the tangent vector field of T written as an infinitesimal
(The short-hand notation ∂/∂x ≡ ∂ x , etc., is used here and below for symmetry generators.)
The infinitesimal generator X related to equation (5) can be found by requiring that its corresponding symmetry transformation does not change the form of the PDE. In particular, denote the PDE (5) by F x, ψ, ψ [1] , ψ [2] , . . . = 0, where ψ [n] stands for a vector of partial n derivatives of order n, n = 1, 2, 3, 4. In order to determine the point symmetries of (5), one solves a system of determining equations
where X (4) is the 4th prolongation of the symmetry generator X defined in (11) 23 .
One of the most powerful tools of symmetry analysis is the ability to construct invariant solutions, based on the invariants of the symmetry transformation T. These invariant solutions have been shown to provide special physical solutions of the equations at play [16] [17] [18] [19] [20] [21] [22] .
The mathematical condition for invariance of a solution is that it should not change its functional form after application of the infinitesimal generator:
From the practical point of view, it is often beneficial to consider combinations of point symmetries. Since symmetry generators form a linear vector space, for any n symmetries X 1 , . . . , X n admitted by a given DE system, a linear combination X:= i a i X i is also a generator of a point symmetry. For example, invariant solutions with respect to a combination of a space translation X 1 = ∂ x and a time translation X 2 = ∂ t are determined by the condition
The corresponding invariant solution represents a traveling wave ψ = f (a 2 x − a 1 t), for which the advection speed depends on the ratio of the coefficients a 1 and a 2 .
In this work, we show that normal modes, Kelvin modes, as well as a new types of base solutions can be systematically derived by seeking invariant solutions of the linearized perturbation equation (5) 
III. SYMMETRY CLASSIFICATION
For general shear base flows U (y), 0) T , the linearized Navier-Stokes equation (LNSE) (5) admits four symmetries: superposition, translation in x and t and scaling of ψ, all obtained by solving condition (13) for the LNSE (5). The respective infinitesimal generators and the global transformation groups are given below. For simplicity of notation, we denote
Here, x 0 and t 0 are the space and time shift, respectively; f (x, y, t) is an arbitrary solution of the PDE (5); C = 0 is an arbitrary scaling constant. We note that the superposition symmetry X 0 and and the scaling symmetry X 3 were induced by the linearization, whereas the symmetries X 1 and X 2 are already admitted before the linearization leading to (5).
The general set of symmetries (15)- (18) and, in turn, the set of corresponding invariant solutions, can be considerably extended for some special cases of the base flow U (y), as well as for the case of zero viscosity. In the Appendix, details of the symmetry classification are presented.
In Figure 1 , we present the special cases of the symmetry classification modulo to equivalence transformations, which do not change the differential structure of the equations (see, e.g., 23, 30 ). In the following, for practical purposes of reconstructing solutions for specific cases, we analyze each case of the symmetry classification in its general form including parameters of the equivalence transformation, leading to base flows such as listed in Table   I .
For viscous flows, we find two special base flows allowing for additional symmetries.
Inviscid flows allow for a richer variety of symmetries (cases V, VI). Besides the linear invisicid shear flow, which admits six symmetries, algebraic, exponential and logarithmic base flows also allow for one additional symmetry each (cases I -IV). Out of these base flows, only the linear shear flow and a parabolic channel flow profile satisfy the Navier-
The infinitesimal generators of the additional symmetries for the respective base flows are given by
and the corresponding global transformations are given by
where
A general symmetry generator for every special case (base shear flow and viscosity) is
given by a linear combination of the four general symmetry generators (15)- (18) and the corresponding additional symmetry generators for that case. In the following sections, we derive invariant solutions for different symmetry combinations. An overview, for both viscous and inviscid setups, is given in Table I . 
A. Derivation of the Orr-Sommerfeld equation using symmetry methods
The classical normal mode approach turns out to be an invariant solution with respect to the combination of the three symmetries X 1 , . . . , X 3 in (16)- (18):
The invariant solution condition (13) becomes
If a 2 = 0, the method of characteristics yields the solution
depending on the traveling wave coordinate in the x−direction,
The function f (0) satisfies the linear fourth order differential equation
obtained by inserting the form (35) into the PDE (5) . While the number of variables has been reduced by one, the PDE is still of the fourth order, and the number of parameters has increased by two: in additional to the viscosity ν, we now also have a 1 /a 2 and a 3 /a 2 .
Since the linear homogeneous PDE (37) does not involve ξ explicitly, it clearly admits two basic symmetries: the scaling f (0) ∂ f (0) and the translation ∂ ξ . In order to further reduce the number of independent variables in (37), we require that the solution f (0) (ξ, y) is invariant with respect to a linear combinatioñ
This leads to an invariant ansatz
while b 1 = 0 leads to the trivial solution ψ = 0. The general solution ansatz (35) becomes
A natural assumption that the solution is bounded for x → ±∞, i.e., Re (b 2 /b 1 ) = 0, leads to the classical normal mode approach
with the wavelength α = Im (b 2 /b 1 ) and the wave speed c = Im ((
use of the ansatz (41) in the PDE (5) leads to the well-known Orr-Sommerfeld equation
(Note that a similar analysis can be done for a 2 = 0 and a 1 = 0, yielding the same result.)
Summarizing this section, the Orr-Sommerfeld equation is derived through a successive symmetry reduction of the linearized Navier-Stokes equation (5) with for an arbitrary U (y).
This holds true for both the viscous and the inviscid case, and is usually referred to as normal mode or modal approach. In this work, we will repeatedly apply the method of successive symmetry reductions in special flow cases, in order to reproduce further known ansätze, and introduce new ones.
IV. INVISCID PERTURBATIONS
In this section, we consider the inviscid equations for the perturbations by setting ν = 0 in Eq. (5). Let us note that while the base flows may satisfy the viscous Navier-Stokes equations, the additional symmetries presented in this sections only apply for the inviscid equations for the perturbations. This simplification has a very long tradition and traces back to the famous work of Rayleigh, where details may be taken from 31, 32 . Still, it limits the analysis to inviscid modes, but could be of interest for scenarios where the stress tensor of the perturbations is small. In fact, this condition has to be verified a posteriori after obtaining the invariant solution.
A. Solution I.a for a linear shear flow
For case I.a for a linear base flow
in Table I , we choose a 5 = 0, thus employing the general symmetry
For the case a 2 = 0, equation (13) yields the corresponding invariant solution form
and
This allows for one additional symmetry reduction,
Insertion into equation (49) yields
The latter equation can be integrated once to give an ordinary differential equation (ODE)
which is solved exactly by
where Ei is the exponential integral.
B. Solution I.b for a linear shear flow
This case can be obtained by a simple reformulation of ansatz (45). Redefining the second variable of the problem gives the ansatz
with
and x 0 , y 0 such as defined in (48). In particular, for a 2 = 0 the second term of (56) vanishes and substitution of the ansatz (54) into the LNSE (5) yields the following third order partial differential equation for f (ξ, η; k):
Integrating to eliminate the first differential operator in (58) yields
which is essentially an ODE with respect to ξ, with h an arbitrary function. The full solution is of the form
for arbitrary functions g
Given that η is proportional to the time for a 2 = 0 (see Eq. (56)), this means that the homogeneous part of the solution (60), given by its first two terms for both cases k = 0 and k = 0, yields modes whose absolute values can either increase or decrease, independent of the initial condition.
Insertion into (54) and setting for simplicity x 0 = y 0 = V L = 0 and A L = 1 yields for the homogeneous part of the solution
For k < 1, the solution is not continuous at y = 0, in particular the velocities, defined through relation (4), diverge for x = 0, y → 0. For k > 1, the velocities resulting from the stream function ψ (I.b) (x, y, t; k) are unbounded as y → ∞. A special case is given by k = 0, where the second term in (61) exhibits a discontinuity on the line y = 0 as x → ±0. By considering a linear shear flow in the half plane y ≥ 0, the discontinuity can be avoided.
Note that the first term g (I.b) 0,1 (t) corresponds to zero velocities, as it carries no x and y dependency. The velocity field for the case k = 0 is depicted in Figure 2 .
Another physical solution in the homogeneous case is obtained for k = 1. It represents a superposition of the base flow with a velocity which is constant in space and varies in time:
For the inhomogeneous part of the solution for k = 1, equation (59) simplifies to
leading to the inhomogeneous contribution of equation (60) for k = 1:
Insertion of this solution into ansatz (54) then defines a velocity field for the perturbations.
In Figure 3 , a solution is given for the right-hand side h(ζ) = ζe −ζ 2 . 
C. Solution ansatz II and a reduced PDE for a logarithmic shear flow
For a logarithmic base flow, the inviscid equations for the perturbations, i.e., the equation for y > −L 2 does not satisfy the momentum balance in horizontal direction of the full (viscous) Navier-Stokes equation − ∂p ∂x + ν ∂ 2 U ∂y 2 = 0 for the base flow, and hence is, strictly speaking, not suitable for a further analysis. Nevertheless, it is reasonable to investigate (66), since at the large distance from the wall, y 1, a log-law region is known to exist in a turbulent wall parallel shear flow 33 ,
where B = const, and κ is the Kármán constant. In this case, the order of magnitude of the perturbations in (1) is larger than the departure from the Navier-Stokes-Equation for the base flow, i.e.
Keeping these simplifications and assumptions in mind, we compute an invariant solution with respect to a general combination of all point symmetries available for the logarithmic base flow, i.e., (16)- (18) and (21), (28):
This yields an invariant solution ansatz
and where f (II) (ξ, η; β) satisfies the linear PDE the rate of algebraic growth or decay of the perturbations. We note, however, that any boundary condition applied on (74) acts on moving boundaries shown in Figure 4 .
D. Solution ansatz III and a reduced PDE for an algebraic shear flow
For an algebraic base shear flow (see case III in Table I for the inviscid case)
one has an additional symmetry (22) , (29) , and the general symmetry generator
In the following, we restrict ourselves to the exponent to C 3 = 2, and obtain the invariant solution
The substitution of (78)- (80) into the PDE (5) with ν = 0 leads to the equation ξ(x(t), t) = ξ and η(y(t), t) = η will stay constant on the characteristics defined by
Various conclusions may be drawn from the equations (79)-(80). For this, we trace a box representing a disturbance with time where the similarity variables ξ and η are constant (see Figure 5 ). Inside this box, the shape of the streamlines is preserved, while the magnitude of the velocities scales with t β+1 . Furthermore, the linear component in x(t) in (83) derived from (79) suggests that the disturbance velocity tends to a constant velocity in x-direction, where the velocity corresponds to the maximal velocity of the channel flow, here chosen to equal 1. Hence, the wave speed of the perturbation is 50% faster then the bulk velocity, which is 2/3 for the normalize velocity profile 1 − y 2 . This appears to be an interesting coincidence to the observation that puffs and slugs in pipe flows exhibit an increased wave speed approximately of the same order and first observed in 34 .
Consider also that conceptually, the perturbations are transported from the margins towards the center of the flow, as we may conclude from (83). At the same time, the box itself shrinks in time which relates to the fact that the wavelength of the perturbations decrease in time, i.e. we observe a front steepening (see Figure 5 ). The equation (82) represents an eigenvalue problem in which the eigenvalue β represents the rate of algebraic growth or decay of the perturbations. We also note that given a specific Poiseuille flow with fixed values for A 3 , L 3 , C 3 and V 3 , there remain no further undefined parameters in Eq. (82). Similar to the eigenvalue problem (74) for a logarithmic base flow, the boundary conditions act on a moving boundary, as discussed above and shown in Figure 5 . We note that no successive symmetry reduction of equation (82) can be found, such as done e.g. in the derivation Orr-Sommerfeld equation in Section III A. This means that we cannot further reduce the complexity of this equation with the help of symmetry methods.
E. Solution ansatz IV and a reduced PDE for an exponential shear flow
Let us now consider an exponential base flow of the form
An exponential mean velocity profile for the wake region of a turbulent flat-plate boundarylayer flow was first found by Oberlack 19 . The exponential base flow may also be taken as a model for a laminar boundary layer profile in order to discuss as disturbances travel. Hence, similar to the case of a logarithmic base flow, here the exponential base flow, written in dimensionless form as U (y) = 1 − e −y is analysed though it does not satisfy the viscous version of the perturbation equation (5) . However, it is reasonable to apply perturbation methods if the departure from the momentum balance in longitudinal direction is assumed to be small compared to the contributions from the perturbations, in particular if
for Re → ∞ and y → ∞. Under the restriction of the above mentioned assumptions, we obtain the general symmetry from (16)- (18) and (23) The box is translated such that the similarity variables ξ and η are constant. Hence, the form of the perturbations is conserved inside the box. The magnitude of the velocities increases/decreases algebraically with (t − t 0 ) β , depending on the sign of β.
The general invariant solution is derived by employing (86) in (13) to obtain
Substitution into the PDE (5) leads to
In Figure 6 , we trace a box which has constant self-similar variables ξ and η over time.
Ansatz (87) suggests that perturbations travel with decreasing velocity away from the wall, while in downstream direction it approaches a constant velocity,
and for the perturbations a bending effect is observed towards the x-axis, when traveling downstream. Again, the velocities exhibit algebraic growth or decay with (t−t 0 ) β , depending on the sign of β. Note that (91) represents an eigenvalue problem where -similar to sections IV C and IV D -the eigenvalue β stands for the rate of algebraic growth or decay of the perturbations. The boundary conditions needed in order to solve this eigenvalue problem are set in terms of the variables ξ and η, which in the cartesian x-y-coordinate system will move such as depicted in Figure 6 .We also note that the in (91) coordinates cannot be rescaled such that any of the appearing parameters may be eliminated. Hence, the eigenvalue β and the eigenfunctions depend on the parameters A 4 and B 4 . Analogous to the previous section, we note that no successive symmetry reduction of equation (91) can be found, such that we cannot reduce the complexity of this equation further or indeed find solutions to this equation by using symmetry methods.
V. VISCOUS FLOWS
We now consider the viscous equation for the perturbations (5) 
we have the four symmetries (16)- (18) and (24) . Excluding the time-translation symmetry (17) leads to
Using (95)- (97) in (5), we obtain a fourth-order linear PDE for f (V.a) , given by
This equation has a point symmetry
leading to the invariant solution
Up to an arbitrary multiplicative constant, the solution of the latter is given by
Note that ansatz (95) together with (103) corresponds exactly to the classical Kelvin modes 4 .
B. Solution V.b for a linear shear flow
We note that the formula (94) is not the most general form of a point symmetry generator for the linear base flow (93), since the time-translation symmetry (17) was excluded.
Including the time-translation symmetry leads to the following form of the generator:
The corresponding invariant function is given by
with β = a 3 a 2 , c = a 4 a 2 , and
Insertion of this approach into (5) leads to the partial differential equation
Similar to the previous section, the PDE (109) can be further reduced by looking for its invariant solutions with respect to its point symmetry
Such invariant solutions have the form
The solution of this equation in the inviscid and the viscous setting is extensively discussed in Ref. 15 . In summary, the inclusion of viscous effects in the equations for the perturbations leads to unphysical solutions, which diverge for y → ∞, while the exclusion of viscous effects leads to novel invariant modes which conserve energy and travel in parabola-shaped trajectories.
C. Solution VI for a quotient flow
The final form of the base shear flow that leads to additional symmetries admitted by the perturbation equation (5) is the quotient flow, given by
This power law for the viscous case is a part of the general power law base flow family (76) that arise for the inviscid case.
The general symmetry generator for the quotient flow is a linear combination of symmetries (16)- (18) and (25), given by
The corresponding invariant solution is given by
The substitution of (115)- (117) into (5), f (VI) yields
The characteristic curves ξ, η = const are given by parametric equations
which correspond to parabolas
We note that no further symmetry reduction of equation (119) can be found, such that symmetry methods cannot be used to further simplify this equation.
VI. CONCLUSION
In conclusion, we have presented a systematic symmetry classification for the linearised
Euler and Navier-Stokes equations for perturbations of a laminar base flow. We have found The set of symmetries of the LNSE (5) is computed by solving the invariance condition (12) . Comparison of coefficients yields independent equations for the infinitesimals ξ x , ξ y , ξ inviscid and the viscous case:
∂ xx ξ x = ∂ xy ξ x = ∂ yy ξ x = 0 (A6)
∂ xx ξ y = ∂ xy ξ y = ∂ yy ξ y = 0 (A7)
Assuming U (y) to be completely generic, the equations (A1)-(A8) have the general solution ξ x (x, t) = α(t)x + f 1 (t) + a 1 ,
where f (x, y, t) has to satisfy (A8), which is equivalent to the LNSE (5).
The Inviscid Case
In the case of an inviscid flow, the set of determining equations (A1)-(A9) is extended by two additional equations
This leads to α = const.
Note that implementing the latter into (A15) and differentiating (A15) with respect to y and t gives that f 3 (t) has to be a linear function in t, i.e., f 3 (t) = δt, provided that U is nonconstant. Inserting this result into (A15) and differentiating once with respect to t yields that f 1 (t) also exhibits linear behavior in t, i.e., f 1 (t) = t. For simplicity, we incorporate the constant contributions to f 1 (t) and f 3 (t) into a 1 and a 2 , respectively. This gives ξ x (x, t) = αx + t + a 1 , (A17) ξ y (y) = αy + γ,
η = a 3 ψ + f (x, y, t).
The insertion of the above into (A15) yields = U (δ − α) + U (αy + γ) ,
which gives, after taking the derivative with respect to y, 0 = U δ + U (αy + γ) .
The latter equation leads to the following two special cases. 
ξ y (y) = αy + γ,
2. If δ and U do not vanish, we may divide (A22) by U . Then the fraction U /U has to exhibit linear behavior in y, i.e. its second derivative has to vanish. This yields the defining equation
which has the three classes of nontrivial solutions
